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The central problem of the modern theory of climate is the 
prediction of its changes caused by anthropogenic 
activities 

The Earth's climate system (ECS) is the highly complex system comprising the 
atmosphere, hydrosphere, cryosphere, lithosphere and biosphere which interact with 
each other by exchanging energy, momentum and matter.

Climate is an ensemble of states passed by the climate system during a sufficiently long 
time interval. The choice of such a period is a problem. The WMO suggests 30 years.

The state of the ECS is characterized by a set of distributed parameters: pressure, 
temperature, humidity, velocity of wind in the atmosphere and currents in the ocean, 
concentrations of gases components etc. 

Numerical modeling is a basic method for reproducing present-day climate 
(understanding of physical mechanisms of climate formation), assessment of potential 
changes in climate due to sufficiently small external deterministic and stochastic forcing 
(the problem of climate system sensitivity), and prediction of climate system.

Climate models vary considerably in their degree of complexity depending on the 
problem in question. Modern coupled atmosphere/ocean general circulation models are 
the main tool used in climate simulations and projections. 



The methods of mathematical climate theory are methods 
of the dynamical systems theory. 

In climate modelling we usually assume that climate model is "perfect" and belongs to 
the class of dynamical dissipative systems:

Τ𝜕𝐱 𝜕𝑡 +𝒩 𝐱 𝐱 = −𝑆𝐱 + 𝑓

ȁ𝐱 𝑡=0 = 𝐱0, 𝐱 ∈ 𝐗

where 𝐱 is the state vector, 𝒩 is the nonlinear dynamical operator, 𝑆 is the operator 

describing the dissipation, 𝑓 is an external (radiative) forcing, 𝐗 is the phase space of 
system.

We also assume that the system possesses a global (strange) attractor.

Studying climate we explore the system's behavior on its attractor. 

The atmosphere (the fastest subsystem of the ECS) is unstable in the Lyapunov sense. 

Thus, trajectories of the system always diverge with each other, despite the fact that at 
the initial moment of time they were very close to each other.



Climate Sensitivity

The equilibrium climate sensitivity (ECS) refers to the equilibrium change in global mean 
near-surface air temperature that would result from a sustained doubling of the 
atmospheric equivalent CO2 concentration:

∆𝑇𝑒𝑞 = 𝛼∆𝐹2×𝐶𝑂2
∆𝐹2×𝐶𝑂2 ≈ 3.7 𝑊/𝑚2; ∆𝑇𝑒𝑞 = 1.5 − 4.5 ℃ 𝑤𝑖𝑡ℎ ℎ𝑖𝑔ℎ 𝑐𝑜𝑛𝑓𝑖𝑑𝑒𝑛𝑐𝑒 𝐼𝑃𝐶𝐶 2013 ; 

𝛼 ∈ 0.82, 2.47 ℃/(W𝑚−2) (because of the feedback uncertainty)

The transient climate response (TCR) is defined as the average temperature response 
over a twenty-year period centered at CO2 doubling in a transient simulation with 
CO2 increasing at 1% per year (compounded), i.e., between 60 and 80 years following 
initiation of the increase in CO2:

∆𝑇𝑇𝐶𝑅 = 1 − 2.5℃



Climate models describe a wide range of physical 
processes and cycles with significantly different space and 
time scales. 

Results in climate projections and climate variability assessment are very uncertain. 

IPCC Fifth Assessment Report: the global mean surface temperature for 2081-2100 
relative to 1986-2005 is projected to likely be

2.6 – 4.8°C (RCP8.5) 

1.4 – 3.1°C (RCP6.0) 

1.1 – 2.6°C (RCP4.5) 

0.3 – 1.7°C (RCP2.6)

Sources of uncertainty: 

Emission scenario uncertainty

Internal climate variability (e.g. ENSO)

Inter-model differences



Global energy fluxes from different sources which 
determine the RB of the ECS (Trenberth et al. 2009)



Zero-dimensional Energy Balance Model (EBM) 

Equation for the global mean surface temperature:

𝑐0 Τ𝑑𝑇 𝑑𝑡 = 𝐹↓ − 𝐹↑ + 𝑓𝑑 + 𝑓𝑠

𝑓𝑑 is deterministic forcing (e.g. by growing concentrations in GHG)

𝑓𝑠 is stochastic forcing (e.g. the impact of weather on climate)

𝑓𝑑∝ 𝐶𝐶𝑂2
𝑓𝑠 : Gaussian delta-correlated random process (Hasselmann)

𝜂𝑓𝑠(𝑡 + 𝜏)𝜂𝑓𝑠(𝑡) = 2𝐷𝑓𝑠𝛿(𝜏)



Two-box EBM 

Equation for the global mean surface temperature 𝑇 and deep ocean temperature 𝑇𝐷:

𝑐𝐴 Τ𝑑𝑇 𝑑𝑡 = −𝜆𝑇 − 𝛾(𝑇 − 𝑇𝐷) + 𝑓𝑑 + 𝑓𝑠

𝑐𝑂 Τ𝑑𝑇𝐷 𝑑𝑡 = 𝛾(𝑇 − 𝑇𝐷)

𝜆 is feedback parameter

𝛾 is ocean heat uptake parameter

𝑐𝐴 and 𝑐𝑂 are effective heat capacities of the upper- and bottom layer 

Deterministic model – only mean values projection

Stochastic model – plus variability (variance, standard deviation)



Response of 𝑇 to step forcing 𝐹4×𝐶𝑂2 (black) and 1pctCO2 forcing (blue) 
The red line is a schematic of the CO2 forcing timeseries



Fokker-Planck and Second Moment Equations

Τ𝑑𝐱 𝑑𝑡 = 𝐀𝐱 + 𝐁 + 𝐃
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Surface temperature varians and its sensitivity

Two-box model:

𝑇2 =
𝜎𝑠
2

2𝜆𝐶

𝛾𝐶 + 𝜆𝐶𝐷
𝛾 + 𝜆 𝐶𝐷 + 𝛾𝐶

One-box model:
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Sensitivity functions:
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Surface temperature variance 



Sensitivity of surface temperature variance 
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